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ABSTRACT 



Using U-duality, the properties of the matrix theories corresponding to the 



compactification of M-theory on T d are investigated. The couplings of the d+1 di- 



^ . mensional effective Super- Yang-Mills theory to all the M-theory moduli is deduced 
and the spectrum of BPS branes in the SYM gives the corresponding spectrum 
of the matrix theory. Known results are recovered for d < 5 and predictions for 
d > 5 are proposed. For d > 3, the spectrum includes d — 4 branes arising from 
YM instantons, and U-duality interchanges momentum modes with brane wrap- 
ping modes. For d = 6, there is a generalised #-angle which couples to instantonic 
3-branes and which combines with the SYM coupling constant to take values in 
SX(2,R)/[/(l), acted on by an SX(2, Z) subgroup of the U-duality group Eq(1j). 
For d = 4, 7, 8, there is an SL(d + 1) symmetry, suggesting that the matrix theory 
could be a scale-invariant d + 2 dimensional theory on T d+1 x R in these cases, as is 
already known to be the case for d = 4; evidence is found suggesting this happens 
for d = 8 but not d = 7. 



1. Matrices and Branes 



M-theory in the infinite momentum frame is conjectured to be described by the 
large N limit of the U (N) matrix quantum mechanics obtained from reducing 10-D 
super Yang-Mills to one dimension [1,2]. M-theory compactified on T d for d < 3 
is conjectured to be described by a d+ 1 dimensional matrix theory given by d+ 1 
dimensional Super- Yang-Mills (SYM) onT d xR where f d is the dual torus [1-17]. 
For d > 3, the matrix description is given approximately at low energies by d + 1 
dimensional SYM, but as the theory is non-renormalizable, extra degrees of freedom 
must become important at short distances. These should give rise to a consistent 
quantum matter theory (i.e. one without gravity) and this has been shown to be 
the case for d < 5. For d — 4, this is the 5 + 1 dimensional (2,0) supersymmetric 
self-dual tensor multiplets with U(N) gauge symmetry [9-12], and for d — 5 it 
is the (2,0) supersymmetric non-critical self-dual string theory [8-12]. In each of 
the cases with d < 5, the U-duality group is manifest in the matrix description. 
U-duality then defines much of the structure of the matrix theory, and we will here 
investigate theories which have an effective description in terms of SYM on T d x R 
and which are invariant under the appropriate U-duality group. Recently a matrix 
theory for d = 6 has been discussed [15], and some difficulties pointed out [16,17]. 
In [3] it was conjectured that M-theory on T d+1 , after an infinite boost so that one 
of the circles becomes null, should be described, in a suitable limit, by a similar 
matrix theory whose low-energy limit is d + 1 dimensional SYM on T d x M with 
U(N) gauge group, for finite N. A derivation of this, and of the conjecture of [1], 
has been proposed in [16,17]. 

If a matrix theory exists for d > 6, then it presumably requires the existence 
of some 'exotic' matter theory with U(N) gauge symmetry which (i) reduces to 
d + 1 dimensional SYM at low energies (ii) reduces to a non-critical string theory 
in the limit in which T d decompactifies to T 5 x R d ~ 5 , so that it should contain 
extended objects (iii) has 'manifest' U-duality under the U-duality group E^(Z) 
(where E 5 = SO(5, 5), E A = SL(5),E 3 = SL(3) xSL(2) and E 2 = SX(2)xR). The 
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conjecture of [3] suggests that for finite N, in addition the SYM on T x I should 
satisfy the condition (iv) that it should be invariant under i^+i(Z), the duality 
group for compactification on T d+1 . Indeed, in [13] it was suggested that for 4- 
dimensional SYM on T 3 x R the expected SL(3, Z) x SL(2, Z) duality symmetry 
(the SL(3, Z) symmetry of T 3 and the S-duality of 3+1 dimensional SYM) could 
be extended to SL(5, Z) by Nahm-type transformations mixing the rank iV with 
electric and magnetic fluxes. It was shown that the BPS spectrum indeed fits into 
SL(5, Z) representations. In [18], evidence for this will be presented for d > 3; the 
analysis of [14] will be generalised to show that a large class of BPS states, shown to 
fit into representations of E^{Z) in [14], in fact fit into representations of Ed+\{Z). 
In [19], it will be shown that the U-duality group for toroidal compactifications of 
M-theory are unchanged in the limit in which one of the circles becomes null. The 
properties of the effective SYM theory give a great deal of information about the 
full matrix theory, much in the same way that the effective supergravity theories 
give information about non-perturbative string theories [21], and analysing these 
is the aim of this paper. In particular, BPS solitonic branes of the SYM theory 
imply the existence of BPS states of the matrix theory which can be extrapolated 
to BPS states in regimes where the SYM is not a good effective description, just as 
solitonic branes of supergravity correspond to fundamental strings, D-branes and 
solitonic branes of non-perturbative string theory [21]. 

The same U(N) SYM theories in d + 1 dimensions also emerge in the effective 
description of iV coincident Dd-branes (i.e. D-branes with d + 1 dimensional world- 
volume). This is of course not an accident; the matrix theory emerges from the 
description of N D-branes in a limit in which (at least for low enough d) the bulk 
fields and the massive string modes decouple [1,16,17]. The uncompactified M- 
theory is formulated in terms of N 0-branes in the limit N — > oo [1] and this is 
also a reasonable approximate description for M-theory on T d if the torus is large. 
However, this description is missing the string winding modes which become light 
if the torus is small. For a small torus, T-duality can be used to transform N 0- 
branes on T d to N Dd-branes wrapped around the dual torus T d . The perturbative 
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dynamics of the D-branes is given in terms of fundamental strings ending on the 
D-branes, and the low-energy effective action arising from this for iV Dd branes 
is d + 1 dimensional U (N) SYM. For d < 3 the SYM is a well-defined quantum 
theory and provides a good description of the D-brane dynamics at energies much 
less than the string scale. For d > 4, however, SYM must be supplemented by 
other degrees of freedom. For example, the D4-brane of the IIA theory at finite 
string coupling is given by the M5-brane wrapped around the circular dimension 
of M-theory compactified on S 1 . The dynamics are then given in terms of the 
effective world-volume theory of the M5-brane, which is the 5+1 dimensional (2,0) 
supersymmetric self-dual tensor theory. 

In each case, for low enough d, there is a limit in which the string length 
becomes infinite, supergravity and the tower of massive string states decouple 
leaving a matter theory with a complete quantum description. As Dd-branes with 
different values of d are all related by T-duality, it is natural to expect such a limit 
for all values of d, so that there should be a consistent quantum matter theory for 
d > 5 that reduces to U(N) SYM at low energy. By T-duality, it would be this 
limiting theory, in the additional limit N — > oo, that should be equivalent to M- 
theory on T d in the infinite momentum frame. However, already for d — 6 there are 
problems in implementing this procedure - in the limit of the D6-brane considered 
in [16,17], it appears that there may be difficulties in decoupling gravity. For d > 6, 
there are further problems in even considering systems of iV D-branes: one cannot 
have arbitrary numbers of D7-branes, the D8-brane requires the modified type IIA 
theory with a mass term [24] and D9-brane backgrounds are inconsistent except in 
an orientifold construction, in which case the number of D9-branes is fixed. 

For low d, then, the matrix theory for M-theory on T d is given by a limit of the 
world- volume theory of N Dd-branes wrapped around T d . For d < 3 this gives d+1 
dimensional SYM on T x I. For d — 4, the relation between the D4-brane and the 
M5-brane leads to the effective world-volume dynamics of the M5-brane, namely 
the 5+1 dimensional (2,0) supersymmetric self-dual tensor theory on T 5 x R. The 
type IIA string coupling is related to the size of the 11th compactified dimension 
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of M-theory, while the 4+1 dimensional SYM coupling constant is related to the 
size of the extra dimension for the 6-dimensional tensor theory compactified on 
a circle. Thus on taking 4+1 dimensional SYM to strong coupling, a tower of 
states become light; these can be interpreted as Kaluza-Klein modes for a 5+1 
dimensional theory compactified on a circle which becomes large as the coupling 
does. In this case, the states becoming light are the solitons in 4 + 1 dimensions 
arising from Yang-Mills instantons in 4 Euclidean dimensions [9-12]. 

For d — 5, the D5-brane is related by SL(2, Z) duality to the (solitonic) NS 
5-brane (or F5-brane) of type IIB, the world-volume theory for which is the (1,1) 
super symmetric non-critical string proposed in [12] whose low energy effective the- 
ory is 5+1 dimensional SYM. For d — 5, the matrix theory is then (1,1) string 
theory on T 5 x R, which is T-dual to the (2,0) string theory on T 5 x R. As the 
M-theory torus decompactifies from T 5 to T 4 x R, the tension of the (2,0) string 
becomes infinite so that it reduces to the (2,0) tensor field theory, as required. 

For d — 6, the D6-brane arises from the Kaluza-Klein monopole of M-theory 
(i.e. the solution R 6 ' 1 x N where N is self-dual Taub-NUT space) [22] which can 
be interpreted as a 6-brane of M-theory [23] . The corresponding matrix theory is 
then the world-volume theory of iV G6-branes of M-theory on T 6 x R, in the large 
N limit. The low-energy limit of this is 6+1 dimensional SYM, but the theory 
must also contain extended objects that reduce to the strings of the d — 5 case 
in the decompactification limit. As we shall see, the theory contains membranes 
[15] which do precisely this. However, there is a difference between this and the 
d = 5 case: for d = 5 we obtain a string theory, but for d = 6 the membranes are 
not perturbative states, and so the theory is not a perturbative membrane theory. 
Thus the situation is similar to that of M-theory, which also contains membranes, 
but is not a perturbative membrane theory. 

For d > 7, it is hard to generalise this picture due to the problems with having 
arbitrary numbers of Dd-branes. For d — 8, the D8-brane has been conjectured to 
arise from a 9-brane of M-theory [23]. This would suggest that the 8+1 dimensional 
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SYM arises from a 9+1 dimensional theory, and that the matrix theory is this 9+1 
dimensional theory, that gives the strong-coupling limit of iV D8-branes on T 8 x R. 
Further evidence in favour of this will be presented later. For d = 7, the D7-brane 
arises from a Kaluza-Klein monopole of M-theory on a T 2 that shrinks to zero 
size, where one circle is transverse and one longitudinal (or from the corresponding 
F-theory construction). If the M9-brane conjecture is correct, and if a D8-brane 
arises from its double dimensional reduction on a circle, then the D7-brane arises 
from an M9-brane on T 7 x T 2 in the limit in which the T 2 shrinks to zero size. 
Understanding the matrix theory in this case would require a better understanding 
of these formulations of the D7-brane at finite coupling. The case d — 9 will be 
briefly discussed in section 5. 

Toroidally compactified M-theory has a remarkable limit whose low energy 
effective description is in terms of d + 1 dimensional SYM. At least for d < 5, this 
limit gives a consistent interacting matter theory which is SYM for d < 3 and gives 
unexpected new theories for d — 4, 5. For d > 6, the limiting theory should still 
have an effective SYM description, but there are many unresolved issues, such as 
whether there is a limit in which gravity and the bulk fields decouple. 

The purpose of this paper is to use the expected U-duality symmetries to try 
and learn something about the effective SYM theories that emerge in these limits 
of toroidally compactified M-theory, and then use the effective SYM theories to 
learn about matrix theory, assuming it exists for d > 6. It should be emphasized 
that the considerations in this paper are purely kinematical and concern the BPS 
states of the low energy effective braneworld- volume theories, and are independent 
of whether the matrix limits actually exist for d > 6. The usual analysis is for 
rectangular tori without background fields; U-duality requires general backgrounds 
with arbitrary torus metrics and background fields. The full matrix theory is 
expected to have 'manifest' U-duality symmetry. For d < 3, the matrix theory is 
just the d + 1 dimensional SYM theory and the U-duality is indeed manifest. For 
d > 3, the d + 1 dimensional SYM theory is only an effective description and the 
U-duality is not expected to be manifest in the SYM theory. Indeed, U-duality 
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is manifest in the 6-dimensional self-dual tensor and string theories which are the 
matrix theories for d = 4,5, but it is not a symmmetry of the d + 1 dimensional 
SYM theory. Nevertheless, there is a remnant of U-duality in the SYM theory: it 
must couple to all the moduli that are related to the torus metric by U-duality. 
Thus U-duality gives important information about the terms that occur in the 
SYM effective action, and which terms in the D-brane action survive in the 'matrix 
theory limit'. This in turn gives information about the spectrum of BPS branes of 
the matrix theory, since these must arise as solitonic branes of the SYM theory; e.g. 
it implies the presence of d — 4 branes, giving the 0-branes in 4+1 dimensions that 
correspond to Kaluza-Klein modes of the matrix theory, and the solitonic strings in 
5+1 dimensions which correspond to the fundamental strings of the matrix theory. 

For example, M-theory on T 3 should have SX(3, Z) x SX(2,Z) U-duality, im- 
plying that the corresponding 3 + 1 dimensional SYM theory should have SL(2, Z) 
symmetry. The appropriate limit of the D3-brane action includes a 6>-angle cou- 
pling, and we learn that this is essential for the SL(2, Z) S-duality, and that the 
theta-angle and the coupling constant take values in an SL(2)/U(1) coset space. 
Of course, all this was already well-known for 4-dimensional SYM, but a similar 
analysis gives interesting predictions for higher values of d. In particular, we will 
learn that for d = 6, there is a generalised theta-angle (for certain 'instantonic 3- 
branes') that combines with the coupling constant to form a complex field taking 
values in an SL{2)/U{\) coset space, and which is acted on by an SL{2, Z) duality 
symmetry. In this way, useful information will be learned about the effective SYM 
description of these limiting theories, whenever the limits exist. 

In each case, the SYM action that is found depends on the metric and certain 
constant anti-symmetric tensors on the torus. These can be thought of as gen- 
eralised coupling constants and arise from the expectation values of background 
supergravity fields [25]. For example, for d > 3, the D = d + 1 dimensional action 
includes the coupling to a D — 4 form, whose Hodge dual is a 4-form X, and is of 



7 



the form 

^trF mn F mn + ±X mn PHrF mn F pq (1.1) 
Some of the consequences of such terms were considered in [25]. 

2. U-Duality 

M-theory compactified on T d has U-duality group E^iTL) and scalars taking 
values in Ed/Hd, where Hd is the maximal compact subgroup of In each case, 
SYM on T d x R has a manifest SL(d, Z) symmetry acting naturally on the torus, 
and the torus metric moduli lie in R x SL(d)/SO(d). The SYM action includes the 
kinetic term, depending on the torus metric, and couplings to all the background 
fields related to this by Ed duality, so that it couples to all moduli in Ed/ Hd- As the 
SL(d) subgroup of Ed acts through torus diffeomorphisms, decomposing Ed/Hd 
into SL(d) representations will tell us the tensor structure of the SYM coupling 
constants. We will consider each value of d in turn. For d < 5, the results of [1-12] 
are recovered, but the analysis makes interesting predictions for d > 5. 

d < 3,E 3 = SL(3) x SL(2) 

The moduli space SL(3)/SO(3) x SL(2)/U{1) corresponds to metrics on T 3 , 
plus one additional scalar, the #-angle Co, which combines with the torus volume 
(which determines the SYM coupling constant g) to take values in SL(2)/U(1). 
The lagrangian includes the terms 

L ~ ^trF A *F + C trF A F (2.1) 

g Z 

and the geometric SL(3, Z) acting on the torus combines with the SL(2, Z) S- 
duality, so that the full E^(Z) U-duality is manifest. The U-duality is also manifest 
for d < 3, as follows immediately by taking suitable limits. 
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d = 4, E 4 = SL(5) 

The parameter space of the theory is SL(5)/SO(5), while the moduli of the 

4- torus are in R x SL(A)/ SO(4); the extra parameters in SL(5)/SO(5) are in a 4 of 
SL(A) and so are associated with a 1-form C\ on T 4 . (A 3-form coupling through 
C3 A F would have given the same counting, but it will be argued in section 3 
that it is the 1-form that gives the correct SYM theory, as used in [9-12].) The 
lagrangian for 4 + 1 SYM then includes the terms 

L ~ \trF A *F + Ci A trF A F (2.2) 

g z 

However, any SL(A) x R subgroup of SL(5) can be associated with a 4-torus in 
this way, so that different 4-tori emerge from different limits of the moduli space. 
This suggests that the full theory be formulated on a 5-torus, and be given by a 
5+1 dimensional field theory on T 5 x R. It was argued in [9-12] that this is indeed 
the case, and that the matrix theory is given by the (2,0) supersymmetric self-dual 
tensor theory on T 5 x IBL This theory has an ultra-violet fixed point [12], and the 
scale invariance then implies that the theory is independent of the volume of the 
T 5 , explaining the absence of an extra R factor in the moduli space SL(5)/SO(5). 
The self-duality of the tensor theory implies that it has no adjustable coupling 
constant. The expected 4+1 SYM emerges in the appropriate limits [9-12]. 

d = 5,E 5 = SO(5,5) 

The parameter space of the theory is SO (5, 5) / SO(5) x SO (5) , while the moduli 
of the 5-torus are in R x SL(5)/SO(5); the extra parameters in SO(5, 5)/SO(5) x 
5*0(5) are in a 10 of SL(5) and so are associated with a 2-form C2 on T 5 . (A 
3-form on T 5 would also be in the 10, but the D5-brane does not couple to a 

5- form.) The lagrangian for 5 + 1 SYM then includes the terms 

L ~ 4rtrF A *F + C 2 A trF A F (2.3) 

This is part of the low-energy effective action of the (1,1) supersymmetric string 
theory in 5+1 dimensions proposed in [12]. The strings coupling to C2 arise as 
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solitons of the low-energy effective theory, which in this case correspond to YM 
instantons. It was proposed in [10,12] that M-theory on T 5 corresponds to this 
string theory on T 5 x R. The matrix theory limit requires going to strong string 
coupling, so that it is useful to first perform an SL(2, Z) duality transformation 
which takes the D5-brane to the NS 5-brane so that the limit is now one of weak 
string coupling. The theory emerging in this limit is a 6-dimensional (1,1) super- 
symmetric non-critical string theory with the SYM theory as its zero slope limit. 
For the D5-brane, Ci is the RR 2-form while for the NS 5-brane it is the NS 2-form. 
This theory is related by T-duality to the (2,0) string on a 5-torus [12] whose low- 
energy limit is the tensor theory that arose for d = 4, so that either string theory 
on a 5-torus can be used to describe M-theory on T 5 . 

d = 6, E 6 

This is the first case in which we learn something new. The parame- 
ter space of the theory is Eq/USp(8), while the moduli of the 6-torus are in 
R x SL(Q)/SO(Q). E 6 has a maximal subgroup SL(6) x SL{2), under which 
78 -»• (1, 3) + (35, 1) + (20, 2). The parameter space E 6 /USp(8) then decom- 
poses into SL(6)/SO(6) x SL(2)/U{1), plus an extra 3-form C 3 on T 6 in the 
20 of SL(6). The 3-form couples through a C3F 2 term, but the coupling to the 
extra scalar \ that combines with the coupling constant g (or, equivalently, the 
torus volume) to parameterise the coset space SL(2)/U(1) is more problematic. It 
will be argued in section 3 that this coupling is through a term (DX) 3 F 2 , where 
the X are the three adjoint scalars in the 6 + 1 dimensional SYM multiplet, and 
DX = dX + [A,X\. The resulting lagrangian for 6 + 1 SYM then includes the 
terms 

L ~ 4rtrF A *F + C 3 A tr(F A F) + xStr (DX A DX A DX) A F A F (2.4) 

where Str denotes the symmetrised trace. The term x(DX) s F 2 involves an 'ax- 
ionic' scalar x an d is obtained from 10 dimensions by the reduction of the term 
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XtrF , so that x is a generalised 6 angle. Such a xtrF term arises formally as 
part of the D9-brane action. 

In this theory, YM instantons give solitons of the low-energy theory that cor- 
respond to membranes coupling to C3. Thus the 6+1 dimensional theory contains 
membranes and gives rise to the strings of the (1,1) theory in 5+1 dimensions on 
double dimensional reduction, and to membranes which are expected to be Dirich- 
let branes of the non-critical string theory on simple dimensional reduction. The 
'#-angle' x couples to certain instantons which will be discussed in section 4. 



The parameter space of the theory is E 7 /SU(8), while the moduli of the ex- 
pected 7-torus are inRx SL(7)/SO(7). The 70 parameters in E 7 /SU(8) then 
decompose into the 27+1 moduli of T 7 in R x SL(7)/SO(7), together with a 35 
and a 7 of SL(7). The 35 could be a 4-form or a 3-form on T 7 , while the 7 could 
be a vector or a 6-form. The D7-brane does not couple to a vector or 3-form, but 
with a 4-form and a 6-form, one can write the following action for 7 + 1 SYM 



Other possibilities for the action will be discussed in section 3. For the action (2.5), 
the YM instantons correspond to 3-branes coupling to C4. 

In fact, Ej contains SL(8) as a maximal subgroup and under this the parameter 
space decomposes into SL(8)/SO(8) together with a 35 + of SL(8), corresponding 
to a self-dual 4-form. The situation is then similar to that for d — 4. Any SL(7) 
subgroup of SL(8) is associated with a 7-torus, suggesting that the theory could 
be an 8+1 dimensional theory on T 8 x R. Moreover, this theory should be scale 
invariant, to account for the absence of a modulus for the volume of the 8-torus. 
The 8+1 dimensional theory should contain 3-branes coupling to the self-dual 4- 
form on T 8 . However, it is problematic to obtain a self-dual 4-form on T 8 from a 
covariant field on 8 + 1 dimensions. Moreover, for a standard Kaluza-Klein picture 



d = 7,E 7 




(2.5) 
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to apply, one would expect the 7 to correspond to a vector, not a 6-form, with the 
vector interpreted as a gravi-photon coupling to 0-branes that become light in the 
decompactification limit. 

d = 8, Eg 

Finally, in this case the parameter space is Eg/ SO (16), while the moduli of the 
expected 8-torus are inlx SL(8)/SO(8). The 128 moduli in E 8 /SO(16) corre- 
spond to the 35+1 moduli of T 8 , plus parameters in the 56,28,8 representations 
of SL(8). The 56 could correspond to a 5-form or 3-form on T 8 , with the coupling 
C5 A F 2 or Cs A F 3 , while the 28 could correspond to a 2-form or 6-form, with 
a coupling Ci A DX A F 3 or Cq A DX A F. The 8 could correspond to a 1-form 
or 7-form on T 8 , with the coupling A\ A *J or Cj A F, where J is the conserved 
current J m = F mn D n X. If a 5-form, 2-form and 7-form are chosen, for example, 
an action of the form 



S= / Str 



J_i? A*F + C 5 AFAF + C 7 AF + C 2 DXF 3 
9 

can be written down; another possibility with background 1, 5 and 6 forms is 



(2.6) 



Str 



4tF A *F + C 5 A F A F + ujq A DX A F + A x A £>X A *F 

g Z 



(2.7) 



and other possibilites will be considered in section 3. 

However, Eg in fact contains SL(9) as a maximal subgroup. As before, any 
SX(8) subgroup of SX(9) can be associated with an 8-torus, suggesting that the 
theory could be a scale- invariant 9+1 dimensional theory on T 9 x R, in which case 
the moduli correspond to the 44 constant volume metrics on T 9 in SL(9) / SO(9), 
together with a 6-form Cq in the 84 of SL(9). A 9+1 dimensional SYM lagrangian 
can be written with a coupling to a metric and 6-form, containing the following 
terms 

L - ^tr(F A *F) + Cq A tr(F A F) (2.8) 
The supersymmetric lagrangian is then that of D = 10 SYM, plus a topological 
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term Cq A F 2 . Remarkably, the reduction of this to 8+1 dimensions gives the 
candidate lagrangian (2.7) (at least to linearised order). Indeed the charge Jo 
with respect to the background Maxwell field A\ is just the momentum in the 
compactified direction. Thus if the action is (2.7), there is the possibility that 0- 
branes of the 8+1 dimensional theory carrying the charge Jo could be reinterpreted 
as Kaluza-Klein modes for a compactified 10-dimensional theory. 

Summary 

For each d, the low-energy effective action is SYM on T d x R. The coupling 
constants consist of (i) the torus metric and SYM coupling constant (which can be 
absorbed into the volume of the torus), taking values in M. x SL(d)/ 'SO(d) (ii) a 
d — 3 form for d > 3 (or its dual, a 4-form) (iii) a d — 6 form for d > 6 (or its dual, 
a 7- form) and (iv) a 1-form for d — 8. Thus for d < 8 we obtain d + 1 dimensional 
SYM coupling to a metric, a 4-form and a 7-form. The d — 3-form couples through 
a term of the form 

C D ^AFAF (2.9) 

which can be written in terms of the 4-form X = *(7d_4 as in (1.1). Instantons in 4 
Euclidean dimensions give rise to d — 4 brane solitons of the SYM theory that carry 
charge with respect to the potential Cjj^^. For D = 6, the 1-brane solitons of the 
SYM theory are identified with the fundamental strings of the 6-dimensional string 
theory and for D = 5, the 0-branes are Kaluza-Klein modes of the 6-dimensional 
tensor theory. For d = 7, there is either an extra vector which would couple to 
0-branes, or an extra 6-form which would couple to 5-branes. For d = 8 there is a 
vector or 7-form, coupling to 0-branes or 6-branes, and a 2-form or 6-form coupling 
to strings or 5-branes. Furthermore, U-duality suggests that for d = 4, 7, 8 the full 
theory could in fact be a scale-invariant theory in d + 2 dimensions, and these are 
precisely the cases in which there may be 0-brane solitons which could represent 
Kaluza-Klein modes. It is clearly important to find further restrictions on the cases 
where the group theory does not give a unique prediction, and this will be done in 
the next section. 
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3. D-Brane Actions and U-Duality 



The matrix model for M-theory on T d or a Dd-brane wrapped on T d is a SYM 
theory coupling to the metric on T rf , so that the metric provides coupling constants 
of the theory, taking values in GL(d)/SO(d). If the U-duality group E d is to be 
realised on the theory, then the SYM should couple to all the scalars related to 
the metric coupling constants by U-duality, so that the SYM should couple to 
scalars in E d /H d where H d is the maximal compact subgroup of E d . Moreover, 
the conjecture of [3] suggests that in fact the SYM theory at finite N realises the 
U-duality group E d+ i. The D-brane couples to all scalars in E d+ i/H d+ i, and the 
matrix theory of [3] is obtained as a limit of this D-brane theory [16,17]. We will 
now investigate these couplings. 

The D-brane action for a single p-brane in a supergravity background with 
constant fields is a D = p + 1 dimensional action including the terms [26,27,28] 

S= J d D x e - * y/det (g mn + F mn ) + J [C D + C D - 2 A T + C D - A A T A T 
+ C"d_ 6 r\T NT A^ + ... + C D ^r A T r \ 

(3.1) 

where T mn 

— Fmn ~~ b mn , t is the integer part of D/2, g mn , b mn are the pull-backs 
of the metric Gmn and the NS-NS 2-form gauge field Bmn 

9mn = GMNd m X M d n X N , b mn = B M Nd m X M d n X N (3.2) 

and the C r are r-forms arising from the background expectation values of the 
pull-backs of RR gauge fields, so that 

C r = C Ml ....M r dm 1 X M \..d mr X M ^da m ^ A ... A da m r (3.3) 

where M,N = 0,1,. ..9 are space-time indices and m,n — 0,1,. ..,p are p-brane 
world-volume indices. For r > 4, the C r are the dual potentials; the field equation 
for C r with r < 4 is of the form dG = 0, where G = *dC r + ... is the 9 — r 
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form field strength, and the dual potential Cg- r is the potential for G, G = dC%- r 
[26]. Similar actions arise in matrix theory. From the point of view of the SYM 
theory, the forms C r are coupling constants. On going to static gauge, the X M are 
split into coordinates X m , which are identified with the a m so that d m X n = 5 m n , 
together with the transverse coordinates X a where a = 1,...,9 — p. Then the 
tensor Cm 1 ....m t splits into a set of forms C mi ... mtQl ... QV _ t for various t, and C r (3.3) 
becomes 



C r — y ] C mi „. mtai ^ Mr _ t d rrlt+1 X otl ...d mr X ar t da mi A ... A da r 
t 

= ^(CV) Q ,.. Qr _^X ai A dX a > A ... A dX a ^ 



(3.4) 



t 

where the t-form Ct is defined by 



(Ct) ai ...a r - t — C mi ... rnt a 1 ...a r - t dcr mi A ... A da mt (3-5) 
Thus (3.1) contains terms such as 

(C t ) ai ...a a dX ai A dX a2 A ... A dX a ° A f m (3.6) 
with D = t + s + 2m. Similarly, g mn , b mn become 

9mn = Gmn + 2G Q ,( m i9 n -)X a + G av d m X a d n X V , 

bmn = B mn + 2B a ( m d n -}X a + B av d m X a d n X u 



(3.7) 



For iV D-branes, the gauge symmetry becomes U(N) and the gauge fields 
and the transverse scalars X a take values in the adjoint representation of U(N). 
The derivative dX a = d m X a da m is replaced by the covariant derivative DX a = 
D m X a da m , where 

D m X a = d m X a + [A m ,X a ] (3.8) 
Terms in (3.1) that are independent of X become of the form C s trJ-' t where now 

•F mn = F mn b mn l (3-9) 
but (3.6) has a number of possible non-abelian generalisations. The simplest guess 
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would be 



(C t ) Ql ...a 3 Str [DX ai A DX a2 A ... A dX a ° A 7™] (3.10) 

and this is supported by [29]. 

The D-brane action (3.1) defines the coupling of the D-brane to all of the 
128 bosonic degrees of freedom of the type II string, consisting of Gmn, Bmn,® 
together with the RR gauge fields; these can be thought of as the generalised 
coupling constants of the SYM theory. For compactification of the type II theory 
on T d to IR 9 ^' 1 , the 128 bosonic degrees of freedom can be split into fields on 
jg,9-d,i Q £ var j ous S pi ns _ i n particular, the scalars are the moduli for type II on T d , 
corresponding to the metric moduli plus the moduli of flat anti-symmetric tensor 
gauge fields on T d . These parameterise the coset space E^+i/ Hd+i where Hd+i is 
the maximal compact subgroup of E^+i- 

In [3] it was conjectured that M-theory on a null circle of finite radius R\\ 
in the discrete light-cone gauge is described by a matrix model with U (N) gauge 
symmetry for finite N. In [16,17], this was related to a limit of the theory of N 
D-branes, so that M-theory on S 1 xT d (with null S* 1 ) should be described by U(N) 
gauge theory (for finite N) on T d x KL The Dd-brane theory has Ed+i(7j) symmetry 
instead of the Ed(1>) symmetry expected from the old matrix model conjecture and 
it should couple to fields in the coset space E d+ i/H d+ i (at least before taking the 
limits of [16,17]), not just the coset Ed/Hd- The coupling to these fields is precisely 
what is found in the D-brane action. The matrix model action for infinite R\\ is 
obtained by a truncation to the terms coupling to a E&j Hd subspace of Ej+i/ Hd+i- 
In particular, this truncation involves dropping the dilaton coupling, as the matrix 
model limit involves the weak string coupling limit g — > 0. In the following, we will 
investigate which fields should be dropped in this limit to obtain a SYM theory in 
d+ 1 dimensions coupling to all moduli in Ed/Hd- Although the truncations can 
be found by careful consideration of the matrix theory limit, it is of interest to see 
how much can be derived using kinematics and group theory, as these methods can 
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be applied more generally, including cases in which the matrix theory limit is not 
yet understood (and may not exist, at least in the usual form). 

Our conventions are that X M are the space-time coordinates in V = 10 or 
V = 11 dimensions (depending on context) and that on compactification these are 
split into X M = (XI*, X*), where X 1 (i = 1, ...,d) are coordinates on T d , and X» 
are space-time coordinates (/i = 0, 1,2, ...,V — d). On a ci-brane, the coordinates 
can instead be split into X M = (X m ,X a ) where X m are longitudinal coordinates 
(m = 0, 1, d) and X a are transverse (a = 1, T> — d— 1), so that for a Dd-brane 
wrapped on T d , X m = (X°,X*) and = (X°,X a ). Note that each field that 
emerges from an r-form gauge field C r on toroidal reduction can also be regarded 
as coming from its dual, Cg- r . For example, for the type IIB theory reduced on 
T d , there are d(d — l)/2 scalars Cy that arise from a two-form C2 on T d . In 10 — d 
dimensions, an 8 — d form is dual to a scalar, and the d(d — l)/2 scalar degrees of 
freedom could instead be thought of as arising from the dual potential Cq, giving 
the d(d - l)/2 8 - d forms C^.. 

.fin- d ii---id-2- ft is important not to double-count 
such dual realisations of the same degrees of freedom in the following. When there 
is an ambiguity, we will choose the dual forms that have local couplings to the 
Yang-Mills theory when it is weakly coupled. 

d = 3 

Consider first the case d = 3. The D3-brane wrapped on T 3 has an action which 
couples to the constant fields G{j, B{j, C{j, Co, $ on the torus, transforming in the 
5+1+3+3+1-1-1 of SL(3) giving 14 scalars, which parameterise the coset space 
E4/H4 = SL(5)/SO(5). We wish to find the restriction to scalars in the 5+1+1 of 
SL(3) parameterising SL(3)/SO(3) x SL(2)/U(1) to obtain the matrix theory for 
M-theory on T 3 . The 5 clearly corresponds to the metric, and the weak coupling 
limit requires that the dilaton be dropped, so that the 1+1 must correspond to 
the size of the torus and the axion Co. The SYM coupling constant is proportional 
to the volume of the 3-torus, and we learn that g and Co together parameterise the 
coset space SL(2)/U(1) and that there is an SX(2, Z) duality symmetry which acts 
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on them. The action includes the terms (2.1). Thus the matrix theory conjecture 
together with the conjectured U-duality of the 8-dimensional string theory [21] 
predicts the S-duality of 4-dimensional SYM. Although this S-duality is not a 
surprise here, this will have interesting generalisations for higher d. 

d = 4 

For d — 4, the D4-brane couples to Gij, B^, Cijk, Ci, $ in the 9+1+6+4+4+1 
of SX(4) giving 25 scalars, which parameterise the coset space = 
SO(5,5)/SO(5) x SO(5). To obtain the restriction to SL(5)/SO(5), we need 
to truncate to 14 scalars in the 9+1+4 representation of SL(A). This should not 
include the dilaton, so that the only choice is between C{ and to give the 4. 
The D4-brane couples to both of these, through C\F 2 and C3F. For the d = 3 
case, we saw that it was necessary to keep Co and throw out Cij, so to recover this 
case in the appropriate decompactification limit requires keeping Cj and not Cy& 
in this case. We are thus led to the the action given by (2.2), with the coupling 
constant determined by the torus volume. 

d = 5 

For d = 5, the D5-brane couples to Gij, Bij,Cij,Cijki,Co,§ in the 
14+1+10+10+5+1+1 of SL(5) giving 42 scalars, which parameterise the coset 
space Eq/H 6 = E 6 /USp(S). To obtain the restriction to SO (5, 5)/ SO (5) x SO (5), 
we need to truncate to 25 scalars in the 14+1+10 representation of SL(5). This 
should not include the dilaton, and the volume of the metric should be chosen 
instead of Co to give the extra singlet since the torus volume was included for 
d < 5. The 10 could come from either the NS two-form Bij or the RR two-form 
Cij. The natural choice is to exclude the coupling to Bij because the d = 3,4 
cases did not include it, and these cases should be recovered in the limit in which 
T 5 decompactifies to T 3 x M 2 or T 4 x KL Then restricting to Gij, Cij gives the 
coupling to 25 scalars in the 14+1+10 representation of SL(5) parameterising 
SO(5, 5)/SO(5) x SO(5), with the action given by (2.3). This is the action for the 
D5-brane; a type IIB SL(2, Z) transformation takes this to the NS 5-brane and 
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replaces C{j with B{j, to give a coupling B A F A F, as in [10,12], and it is in this 
form of the theory that the appropriate matrix theory limit is that of weak string 
coupling [10,12] . 

d = 6 

For d — 6, the 6-brane couples to B^, Cy^, Cj, $ in the 

20+1+15+20+6+1 of SX(6) giving 63 scalars, instead of the 70 that would 
be needed for the coset space Et/SU{%). The remaining scalars arise from the 
dualisation of anti-symmetric tensor gauge fields. The bosonic spectrum of type 
IIA compactified on T 6 contains, in addition to the 63 scalars, 1+6 2-forms from 
B^y and Cp U i and one 3-form Cp Up , together with a metric Gp V and 6+6+15+1 
=28 vectors from G^j, B^j, C^jk, Cp. For IIA on T 6 , the dimensionally reduced 
theory is 4-dimensional and in 4 dimensions 2-forms are dual to scalars, so that 
the 63 scalars together with the extra 7 scalars arising from dualising the 2-forms 
parameterise the 70-dimensional coset space Ej/SU(8). Equivalently, these extra 
1+6 scalars can be viewed as coming from the coupling to the components C y -fc/ m 
of the potential C5 (dual to the 3-form potential C3) and to .B y fc/ mn (dual to the 
NS 2-form). Any of the scalars arising from an r-form gauge field can equivalently 
arise as a 2-form obtained from the dual 8 — r form potential. For example, the 6 
scalars Cj could be represented by the 6 dual 2-forms C^jkim obtained from C7, 
the dual to C\. There are similar dual forms of the compactifications for other d. 

Restricting to Gij,Cijk gives the coupling to 20+1+20 =41 scalars. For 
M-theory on T 6 , the compactified theory is 5-dimensional with 42 scalars in 
E 6 /USP(S) in the 20+1+20+1 of SX(6), so that an extra singlet is needed. 
There are no other singlet scalars to choose from, and the 2-forms do not give 
scalars in 5-dimensions. However, in 5 dimensions 3-form gauge fields are dual 
to scalars. Dualising the single 3-form C^p gives an extra scalar, to give the 42 
scalars parameterising Eq/U Sp(8). This fits in with the M-theory picture, where 
on compactification of M-theory on T 6 , the 20+1+20+1 scalars come precisely 
from Gij, Aijk, Ap Vp where here Amnp is the 3-form of 11-dimensional supergrav- 
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ity. Thus both M-theory and matrix theory give 41 scalars (taking values in G/H 
where G = GL(Q,R)/ SO(Q) x R 20 [30]) and a 3-form. (In fact, the D6-brane also 
couples to 3-forms C pV pij,C pvp ijki arising from 65,67, but these are both in the 
15 of SL(6) and so do not give singlets.) Thus we learn that the matrix model for 
M-theory on T 6 in the limit R\\ — > oo has as its low-energy effective theory SYM 
coupled to the scalars Gij, and the 3-form C pvp . The coupling to C pvp follows 
from the D-brane action (3.1) (with abelian gauge group), and is of the form 

C M NR{dX M AdX N AdX R AFAF) (3.11) 

The 10 X M split into three transverse X's, X a (a, (3 = 1,2,3) and the 6+1 lon- 
gitudinal X's, X m , which can be identified with the world- volume coordinates on 
going to static gauge, so that the action becomes 

C a ^(dX a AdX 13 AdX 7 AFAF) (3.12) 
Now C a/ 3 7 = x e aj3-y f° r some x, and the SYM coupling becomes 

Xe Q/?7 (dX a A dX 13 A dX^ AFAF) (3.13) 

The natural candidate for the non-abelian generalisation of this is [29] 

Xe^pStr(DX^DX u DX p F 2 ) (3.14) 

This gives the action (2.4). 
d = 7 

For d — 7, the D7-brane couples to Gij, Bij,Cij,Cijki,Co,$ in the 
27+1+21+21+35+1+1 of SL(7) giving 107 scalars. In addition there are 
7+7+7 =21 vectors G^, B^, Ci p . In the 3-dimensional theory obtained by com- 
pactifying the type IIB theory on T 7 , vectors are dual to scalars and dualising 
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these 21 vectors give 21 additional scalars and a total of 107 + 21 = 128 scalars 
parameterising Eg/ SO(16). The 7+7 vectors Bi^,Ci^ could instead be given as 
scalars arising from the components -Byfc; mn , C'jjjWmn of the dual potentials Bq,Cq. 
M-theory on T 7 should couple to 70 scalars in the coset space Ej/SU(8) and 
as we saw in section 2, the group theory implies that these should be in the 
27+1+35+7 of SL(7). The scalars in the 27+1+35 representation should 
come from Gij, C^i but there is more than one possibility for the 7. The simplest 
is that these should arise from the scalars Cyfc/mn, through the coupling C% A F. 
However, in 4 dimensions, 2-forms are dual to scalars and the missing degrees of 
freedom could arise from 7 2-forms. The potentials B2, C2, C4, Cq, Bq, Cg give rise 
to 1+1+21+35+35+7 2-forms (e.g C 4 gives the 21 2-forms C ijtiv ). These do 
not give rise to propagating degrees of freedom in 3 dimensions but are dual to 
scalars in 4 dimensions. Thus the only possibility is through the coupling to the 
components Cij^i mn ^ v of Cg, which couples to the 2 transverse scalars X a through 
the coupling uqADX ADX where Cijkimnap — ^ijklmn^-ap- The fact that M-theory 
on T 7 gives 63 scalars from constant metric Gij and 3-form gauge fields on 
T 7 and 7 space-time 2-form gauge fields A^ might be construed as evidence in 
favour of the coupling to Cg, which gives the coupling to 7 2-forms. In both cases, 
there is a 6-form which couples to a 5-brane inside the 7-brane, as will be discussed 
in section 4. 

d = 8 

For d = 8, the D8-brane couples to the background fields Gij, Bij, Cijt, Ci, 
which transform in the 35+1+28+56+8+1 representations of SL(8), giving 
129 moduli. Alternatively, the 56+8 could be thought of as arising form 
the dual potentials Cyfe/m; Cjjfc/mnp- 111 three dimensions, vectors are dual to 
scalars and there are vectors in the 8+8+1+28+70+28+1+56 of SX(8) from 
G nj , B nj ,C 'fi,C njkiC njklmiC 'njklmnpi C nijklmnpqi ^[lijklm- M-theory on gives a 
3-dimensional theory with scalars in the coset ^8/5*0(16), which has 128 scalars 
which are in the 35+1+28+56+8 of SL(8). The 35+1 should arise from Gij, 
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while the 56 could arise from Cy&, Cijkim or Bp,ijklm- The fact that all cases with 
d < 8 included the coupling C^-s A F A F suggests that the coupling to Ci^\ m 
is required here. The 28 could arise from Bij or or C^jkimnp] however, the 
coupling to B^ can be excluded because it didn't occur for d < 8. Here there is one 
transverse scalar X so in static gauge a takes only one value, so writing ujk = C a jk, 
^jklmnp — CajUmnpi the relevant couplings are ujzDXF^ or ujqDXF. Finally, the 
8 could arise from Cijki mn p, G^j or B^j. In the first case, the coupling would be 
C7 A F, while for the remaining two the linearised form of the coupling to the 
vector Ai would be of the form AADXA*F. The fact that M-theory compactified 
on T 8 gives 35+1+56 scalars and 28+8 vectors (before duality transformations) 
suggests the coupling to the 35+1+56 scalars Gij, Cijkim together with the 28 
vectors U2 or uq and the 8 vectors G^j or B^j. There are four choices of such 
action, one of which has the linearised form 

S= I ^F A*F + C 5 AF AF + u 6 ADX AF + AiADX A*F (3.15) 
J Q 

(another is the action obtained from this by replacing ujqDXF with U2DXF 3 .) It is 
intriguing that the action (3.15) could be obtained by reducing the 10-dimensional 
action 

S= f ^F A*F + Cq AFAF (3.16) 

on S 1 , so that the 9-dimensional theory on T 8 arises from the 10-dimensional theory 
on T 9 , and the SL(9) subgroup of Eg arises geometrically. The YM instantons 
give rise to 5-branes coupling to Cq, which reduce to give 4- and 5-branes in 8+1 
dimensions. 
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4. New Instantons and Branes 



In 6 + 1 dimensional SYM, we have been led to consider the coupling 



xStrDX 3 A F 2 



(4.1) 



This has many similarities with the term 9F 2 in 3 + 1 dimensions. First, we 
shall consider solutions of the Euclidean version of 7-dimensional SYM, whose 
bosonic sector consists of 3 adjoint- valued scalars X a (a = 1, 2, 3) coupled to Yang- 
Mills, with the usual potential tr([X a , X^]) 2 . Consider the following solution in 
K. . Splitting the coordinates x m into coordinates x a on M. and x l on M. , we 
choose A a = and A{ the connection for an instanton solution on M 4 , and choose 
X a = x a t a with no sum over a, where t a are any 3 mutually commuting Lie 
algebra generators (not necessarily distinct) with product t x t 2 t 3 = T. Then the 
coupling (4.1) becomes 



t 1 = t 2 = t 3 = T all as the U(l) generator, so that (4.2) reduces to f XV A trF 2 
and, for constant Xi is proportional to the second Chern class of the instanton. 
Then the coupling constant x is a #-angle term corresponding to these Euclidean 
solutions. Note that we could continue this solution back to a Minkowski space 
solution with one of the scalars X a depending linearly on time. This solution can 
be thought of as a brane with 3 Euclidean dimensions, located at a point in M 4 . 

The term (4.1) comes from the dimensional reduction of the term 




(4.2) 



where 77 = \e a p^dx a A dx@ A dx 1 is the volume form on IR 3 . For example, taking 
a gauge group G = U(N), we can take an SU(N) instanton on M 4 and take 




(4.3) 



in ten dimensions. Any YM configuration on T 3 x Mj (where M7 is a 7-manifold) 
with non-zero 5-th Chern class, J trF 5 ^ 0, and which is independent of the 
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toroidal directions can be reduced to a configuration for which the term (4.1) is 
non-zero. For example, the configuration considered above on R 4 x T 3 (with the x a 
directions compactified) arises from the ten-dimensional configuration on R 4 x T 6 
with an SU (N) instanton on R 4 and a magnetic monopole on each of the three T 2 
i.e. on each T 2 there is a configuration with non-zero first Chern class, J trF ^ 0. 

The dimensional reduction of (4.3) gives the term 

X DX n F 5 - n (4.4) 

in 10 — n dimensions, coupling to all n scalars in the SYM multiplet in 10 — n 
dimensions. This emerges from the D-brane action from the coupling to an n-form 
C//i. ..//„■ SYM in 10-n dimensions on R x T 9 ~ n is related to M-theory compactified 
to n+2 dimensions, and an n-form gauge field is dual to a scalar in n+2 dimensions. 
Such a coupling could have arisen for d = 9 — n with n — 1,2, 3, 4, 5, but it was 
only for d — 6 that the group theory demanded a singlet of SL(d), and in that 
case it was the only candidate. 

For the case d = 7, two possible couplings of the SYM to a 6-form were 
proposed, and in each case the 6-form couples to a 5-brane inside the 7-brane. For 
the coupling Cq A F, the 5-brane arises from a magnetic monopole configuration, 
as in [27], in which J F is non-zero over the T 2 transverse to the 5-brane. For 
the coupling ujq A DX A DX, the 5-brane emerges from configurations in which 
DX A DX is the volume form for the T 2 transverse to the 5-brane, e.g. with X a 
taking values in the U(l) subgroup of U(N) (generated by T) and identified with 
the coordinates on T 2 , X a = x a T. 
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5. Conclusions 



We have used U-duality to obtain the couplings of the SYM low-energy effective 
action of the matrix theory to the moduli for M-theory compactified on T d , and 
considered some of the BPS branes that occur. For d > 3, there are wrapped 
BPS d — 4 branes corresponding to YM instantons, and the U-duality symmetry 
mixes these with momentum modes. For d — 4, the 0-branes constitute an extra 
component of momentum and there is an extra hidden dimension that becomes 
manifest at finite coupling; the U-duality results from diffeomorphisms in this 
higher dimensional (5 + 1) space. For d — 5, the U-duality £0(5, 5; Z) is a T- 
duality for the 5+1 dimensional string theory, relating string winding modes and 
momentum modes. For d > 5, there are d — 4 branes that reduce to the d — 5 
strings in a suitable limit, and so the U-duality must relate momentum modes and 
d — 4 brane wrapping modes. However, there are other backgrounds fields besides 
the torus metric G%j and the d — 3 form C which couples to the d — 4 branes, and all 
of these are mixed by U-duality. As a result, the U-duality mixes the momentum 
modes, the d — 4 brane wrapping modes and the modes coupling to these extra 
moduli, which are extra brane wrapping modes. 

For d — 6, there is one extra scalar modulus \i which couples to instantonic 
branes, which should play a similar role here to the instantons in 4-dimensional 
SYM; in both cases, there is an SL(2, Z) acting on the coupling constant and 
a #-angle, and which can be thought of formally as relating momentum modes 
and ' — 1-branes'. The Eq(Z) is then realised as this SL(2, Z) together with the 
SL(6, Z) acting geometrically on the 6-torus, supplemented by transformations 
relating momentum modes (and ' — 1-branes') to membrane wrapping modes. 

For d = 7, there are an extra 7 moduli corresponding to a vector or 6-form on 
T 7 , and hence to a vector or 6-form on T 7 x R, and these should couple to an extra 
O-brane or 5-brane. If the coupling were to an extra O-brane, this would combine 
with the momentum modes in the 7 of SL(7) to form an 8 of the SL(8) subgroup 
of Ej, which would imply the existence of a hidden dimension and a formulation in 
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8+1 dimensions on T x R. However, it would be hard to write down a local 8+1 
dimensional theory, as it would have to couple to a metric and a self-dual 4-form on 
T 8 , and it is not clear how to obtain such a 4-form from a field on T 8 x R. In fact, 
the D7-brane does not appear to couple to a 1-form, but does couple to a 6-form, 
corresponding to the fact that there are bound states of 5-branes inside 7-branes, 
but there appear not to be ones of 0-branes inside 7-branes (there is no vector in 
the type IIB theory and so no conventional 0-branes). In this case, it appears that 
the theory should be in 7+1 dimensions, with the -EV(Z) mixing momentum modes 
with 3-brane and 5-brane wrapping modes. 

For d — 8, there are an extra 28+8 moduli, corresponding to an extra vector 
or 7-form and an extra 2-form or 6-form on T 8 . These would couple to an extra 
0-brane or 6-brane and an extra 1-brane or 5-brane in T 8 x R. If the correct set 
of extra branes is a 0-brane plus a 5-brane, then the 0-brane combines with the 
momentum modes in the 8 of SL(8) to form a 9 of the SL(9) subgroup of Eg, 
which would imply the existence of a hidden dimension and a formulation in 9+1 
dimensions on T 9 xt. The 5-brane and 4-brane in 8+1 dimensions would then arise 
from a 5-brane in 9+1 dimensions, and the Eg(Z) would act as the geometrical 
SL(9, Z) together with transformations mixing momentum modes with 5-brane 
wrapping modes. Moreover, the fact that there is SL(9), not GL(9), suggests that 
this should be a scale-invariant theory in 9+1 dimensions. Such a theory would 
presumably be invariant under the 10-dimensional superconformal group discussed 
in [31]. 

For d — 9, the counting is more subtle, but one might expect a theory on 
T 9 x R with at least a metric and 6-form on T 9 , so that there is an extra scale 
in the theory compared with the d = 8 case, so that this is presumably not scale- 
invariant. Indeed, the naive counting of scalar moduli is the same as that given in 
the discussion of the d = 8 case in section 3, and gives 129 moduli, which indeed 
corresponds to those of Eg/S0(1Q), plus an extra scale. (The possibility that the 
extra modulus corresponds to the 9 angle in the coupling 9F 5 would be at variance 
with the situation for lower d, where the scale always enters in the low-energy SYM 
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theory.) 

This suggests that the situation for d — 8, 9 is similar to that for d = 4,5. The 
D4 and NS5 brane both emerge from the M5-brane, while it is conjectured that 
the D8 and NS9 brane both emerge from an M9-brane [23] . This suggests that the 
required 9+1 dimensional theories both emerge from the world- volume theories of 
wrapped M9-branes. A candidate for a suitable theory has been proposed in [32]; 
it is the target space theory of the (2,1) string. 
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discussions. 
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